Appendix

1. Proof of Lemma 1.
(i). Since the correlation coefficient is given by
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It can be seen that
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(ii). It is evident that 
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In particular, it is evident that 
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 = 1 holds if p11 = p1 = p2. 
Conversely, if   = 1 holds, then
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Which implies that 
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This is equivalent to p2 ≤ p1 and p1 ≤ p2, which imply that p11 = p1 = p2.
(iii). It is evident that  
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  holds if and only if 
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In particular, it is evident that 
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 = -1 holds if P10 = P1 = 1 – P2. 
Conversely, if  
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 = -1 holds, then 
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Note that p11 ≥ p1 + p2-1, it follows that 
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or equivalently, p1 + p2 = 1. 
This in turn implies that p11 = 0 holds and therefore p10 = P1 – P11 = p1 = 1 – p2 holds.
(iv) If Y1 and Y2 are independent, then it is easy to see  
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 = 0. Otherwise, if  
[image: image33.wmf]r

 = 0, then p11 = p1p2. 

Therefore, p10 = P1 – P11 = P1 (1-P2), P01 = P2 – P11 = (1-P1) P2   and
P00 = P1 – P11 = P1 (1-P2), P01 = P2 – P11 = (1-P1) P2
And P00 = 1 – P11 – P10 – P01 = (1-P1) (1-P2),  which imply that Y1 and Y2 are independent.
2. Proof of Lemma 2
We show this lemma by mathematical induction. 

(i). Let  
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Therefore, the formula is valid when k = 1. 

(ii). Assuming the formula is true for k = m-1, i.e., 
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We will show that it is still true for k = m. 

Obviously,
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Since  
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. According to the Result in (i), we have 
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Combining the two results above and the assumption in (ii), we have
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Or equivalently, 
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Which means the formula is valid when k + m. Combining the results of parts (i) and (ii), we conclude by mathematical induction that the formula is valid for all positive integers.
3. Proof of Theorem 1

The function P (y1, y2, p1, p2, 
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) can specifically be written as
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According to Lemma 1, it is easily seen that P (y1, y2, p1, p2, 
[image: image54.wmf]r

) 
[image: image55.wmf] 0

³

 for all y1 and y2 and 
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, which implies that the distribution P (y1, y2, p1, p2, 
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) is a probability distribution. 
Now we show the probability distribution P (y1, y2, p1, p2, 
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) is also identifiable. Suppose that 
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Which implies that
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The sum of the first two equations leads to 
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. Thus, the probability distribution is identifiable.
4. Proof of Theorem 2

It is easily seen that 
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Where N11, N10, N01 and N00 are the numbers of subjects with true positive, false negative, false positive and true negative, respectively. 
Lemma 2 shows the function 
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. Thus, the maximum likelihood estimators of p, q and 
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 should satisfy the following equations
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Direct calculus can give the proposed maximum likelihood estimators.
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