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Abstract

For a rare disease, all the patients having the disease con-
stitute a small population, and the standard single-stage
hypergeometric test is uniformly most powerful to evaluate
the response probability of a specific treatment regimen.
Although exact group sequential designs are widely em-
ployed in phase Il clinical trials for binomial proportions, it is
unknown whether or not similar tests can be employed for
hypergeometric proportions. In this manuscript, it is proved
that, for hypergeometric proportions, there exist exact group
sequential designs that achieve the predesignated signifi-
cance level and power with maximum total sample size
bounded above by the sample size for the corresponding
standard exact single-stage test. Additionally, two types of
optimal two-stage designs are examined for a range of de-
sign parameters; one is optimal in the sense that the expect-
ed sample size under the null hypothesis is minimized, and
the other is optimal in the sense that the maximum sample
size is minimized.
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Introduction

For a rare disease, all the patients having the disease
constitute a small population of size N. Phase Il trials of
Investigational New Drugs (INDs) are performed in or-
der to assess whether a new drug shows some promise
of activity for the disease [1]. Imagine that if all the pa-
tients with the disease were to be treated, the new drug
would show some promise of activity to M of them, and
therefore the response rate could be defined as p = M/N.
Care must be taken to explicitly define what is meant by

“show some activity” [1]. For example, the drug is said
to show some activity to a cancer patient whose tumor
shrinks by at least 50% after the treatment.

Glycogen storage disease type Il (also known as
Pompe disease) is an autosomal recessive metabolic dis-
order which damages muscle and nerve cells through-
out the body. The disease affects approximately 1 in
140,000 babies and 1 in 60,000 adults a year [2]. Von
Hippel-Lindau (VHL) disease is another rare autosomal
dominant syndrome which affects 1 in 36,000 babies

[3].

To conduct clinical trials for such extremely rare dis-
ease, the designs developed here are based on testing
a null hypothesis H,:p< p, that the true response rate
is less than some uninteresting level p,; that is, the
new drug shows some activity to fewer than M, = Np,
patients. If the null hypothesis is true, then we require
that the probability of falsely concluding that the drug
is efficacious is less than a user specified & . We also re-
quire if a specified alternative hypothesis 4 : p < p, (that
is, more than 7, = Np, patients response to the drug) is
true with 2, < py, then the probability of falsely conclud-
ing that the drug is not efficacious is less than a user
specified .

We start our discussion by considering the standard
one-stage design for testing

H,:p<p, VS- H :P>p, Of equivalently H :M <M, vs.
H M >M,- (1)

In order to test the above hypotheses, a sample of

n patients selected randomly from the population of N
patients is treated. Let S denote the number of patients
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Figure 1: Comparing hypergeometric distribution #(s;50,20,10) and binomial distribution 5(s;10,0.4), where s =0,1,...,10 ,

Hm Binom
Em  Hyper

9 10

in the sample who respond to the treatment, which is
following the hypergeometric distribution, denoted as
H (N; M; n),

Pr(S =5)=h(s; N,M ,n) =(Mj[N__MJ/(NJ, (2)

Where s=max(0;n+M —N); ... ;min(n; M), Consider
the test with reject region S <b+1, where b is an inte-
ger such that Pr(S<h+1|p=p,) <a. We can show that
this test is Uniformly Most Powerful (UMP) test for hy-
potheses (1).

Group sequential designs are widely employed in phase
Il and phase lll clinical trials. A group sequential test allows
early termination of accrual if the treatment response
rate of the treatment is quite high or quite low during
early stages. Fleming [4], Chang, et al. [5], and Simon [6]
pointed out that for binomial distributions; well-designed
group sequential tests are more efficient than standard
single-stage tests, because on average they require fewer
patients to achieve the predesignated significance level
and power. However, it is still unknown that for hyper-
geometric distributions, whether or not there exist exact
group sequential tests which are more efficacious than
the aforementioned standard single-stage exact test.

It is known that when the disease population size
N is large, the hypergeometric distribution i(s; N, M, n)
can be approximately well by the binomial distribution
b(s;n, p) where p=M/N and then we can use the avail-
able designs [6]. But for extremely rare diseases, using
designs based on binomial distribution may have incor-
rect significant level; that is, the true type-l error may
be different from the prespecified type-I| error. In Fig-
ure 1, we display a toy example, showing the difference
between two distributions, hypergeometric distribu-
tion £(s;50,20,10) and binomial distribution 5(s;10,0.4),
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where s=0,1,...,10.

Motivated by Kepner and Chang [7,8], in this manu-
script we show that, for hypergeometric distributions,
under mild conditions and for a given number £>2,
there exists at least one k-stage group sequential test
which has exactly the same maximum total sample
size, significance level, and power as the standard sin-
gle-stage hypergeometric test. Furthermore, motivated
by Simon [6], we examine two types of optimal two-
stage designs for a range of design parameters; one is
optimal in the sense that the expected sample size un-
der the null hypothesis is minimized, and the other is
optimal in the sense that the maximum sample size is
minimized.

The remainder of the manuscript is organized as fol-
lows. In Section 2, group sequential procedures are de-
scribed. In Section 3, main theorems are presented and
proved. In Section 4, two types of optimal two-stage
designs are examined. Some brief discussion is given in
Section 5 (Figure 1).

Group Sequential Tests

Group sequential tests are specified by the maximum
number of stages, k, the cumulative number of patients
to be treated up to each stage i,n, and the critical val-
ues, {la.bl.--la, b )b}, where @ <b,i=l...k-1. Let
S, be the number of patients who respond positively to
the treatment among »n, patients cumulative up to stage i
. The distribution of S, is Pr(S;=s)=h(s;N,M,n,) where
s =max(0,n+M —N),...,min(n,,M). The distribution is unde-
termined up to an unknown parameter, » or equivalent-
ly, p=M/N.

The group sequential tests are conducted as follows.
Start with stage i=1. If § <4 -1, stop sampling and
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reject H,; if S,>b,+1, stop sampling and accept H,; if
a, <8, <b,, continue to stage i+1. At the final stage,
accept H, if S, 2b, +1 and reject H, if S, <b,

The power function for any such group sequential
testis
P(M)=Pr{S, >b +1|M}+Pr{a <8 <b,S,>b+1|M}+..

(3)
+Pr{a <8 <b,...,a, <S8, <b_,S, 2b +1|M}.

For the required significance level o and power 1- g at
M, +A,oneshouldselect (n,,....n,) and [(a,.5,)....(a, .b,.,).b, ]
such that P(M,)<a and P(M,+A)21-5 ., The power function
can be written as a function of proportion p . To abuse the
notation slightly, let the power function (3) be written as
P(p). Therefore, for the required significance level « and
power 1- 4 at p,+0, where p,=M,/N and §=A/N, one
should select (n,,...,n,) and [(4.5).(a,.5).5.] such
that P(p,)<a and P(p,+5)=1-5.

As discussed in Kepner and Chang [7], there are three
types of group sequential designs. Type 1 designs stop
early only to conclude efficacy (i.e., stop early only to
accept H,), Type 2 design stops early only to conclude
futility (i.e., stop early only to reject H,, and Type 3 de-
signs stop early for either efficacy or futility. Using the
above notation, Type 1 group sequential tests are those
with ¢ =4, = .. =, = 0, Type 2 group sequential
tests are those with p =p, =...=b,_, =n, and Type 3
group sequential tests are those with 0<q, <b <n, for
i=lL..,k-1.

Main Theorems

In this section, three theorems are established, one
for each of three types of exact group sequential tests
discussed in Section 2. These three theorems are simi-
lar to those established in Kepner and Chang [7] which
were for binomial distributions.

Assume:
(A1)S ~~ H(N,M,n);

(41) n is the smallest sample size for which there is an
integer b such that 0<p+1<n, Pr{sS2b+1|M=M}<a, and
Pr{S=>b+1|M=M,+A}>1-5 where 0<A<N-M,; (43) k
is an integer such that 2<k<n.

Theorem 1

Under the conditions (A1)-(A3), assume b<n-—k.
Then there exists a Type 1 k-stage exact sequential test
suchthat n, 2n, —n 2...2n,—n_, and n, =n the signif-
icance level of the test is @ and the power of the test at
M=M,+A is at least 1- 3.

Proof: Let 5 =n—k+1 and n=n_+1 for ;=2 k.
The test statistic at stage i is S,. Let p =b,=..=h, =b
and 4, =a,=..=a,,=0_ Since b+1=b+1<n—-k+l=n<n
for i=1,..,k, then the sample size (n,,...,n,) and the criti-
cal values [(a.h,)....(a,.b,,).b, | become a proper Type 1
k-stage test. According to this test, #, is accepted if and
only if at least one § >p+1, 1<i<k, which is equiva-
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lent to S, =S2b+1, since §,<8,<..<S, =8. Thus, the
power function of the test is the same as that of S.

Theorem 2

Under the conditions (A1)-(A3), assume p>k-1.
Then there exists a Type 2 k-stage exact sequential test
such that n,2n,—n 2...2n, —n,, and n, = n, the signif-
icance level of the test is @ and the power of the test at
M=M,+A is at least | =5,

Proof: Let n=n—-k+1 and n=n_+1 for i=2,. k.
The test statistic at stage i is §,. Let 4 = p—k+i+1 and
b=n for i=1,..,k-1 and b, =b. Since 1<q <b =n,
i=1,...,k—1and k<b+1<n,thenthesamplesize (n,...,n,)
and the critical values [(a,.b,).....(a,,.b,,).b; | become a
proper Type 2 k-stage test. According this test #, is
rejected if and only if at least one S, <a =b—k+i+1
. That is, there exists at least one i,1<i<k, such
that n,—S,<n —-b+k+i=n-b. This is equivalent to
n-S,<n-b, because n-S <n,-S,<..<n-S. Thus,
the power function of the test is the same as that of S.

After Theorems 1-2 are established, following the
same proof as that for Theorem 3 in Kepner and Chang
[7], we can establish the following theorem.

Theorem 3

Underthe conditions (A1) - (A3),assume k—1<bh< N -k
. Then there exists a Type 3 exact k-stage sequential test
such that 7, 2n,-n 2..2n —n._, and n, =n, the signifi-
cance level of the test is & and the power of the test at
M =M, +A isatleast 1- 3.

The implications of these theorems are two-fold. The
theoretical implication is that, for a given number &k > 2
satisfying some mild conditions, there exists at least one
k-stage group sequential test whose maximum total
sample size is bounded above by the sample size need-
ed for the standard one-stage test to achieve the same
significance level and power. The applied implication is
that we can search for “optimal” exact k stage designs
among those proper group sequential tests whose max-
imum total sizes are bounded above by the sample size
needed for the standard exact one-stage test to achieve
the same significance level and power.

Optimal Two-Stage Designs

In this section we focus on optimal two-stage de-
signs, which can be extended to optimal k-stage designs.
We examine the two types of optimal two-stage designs
proposed in Simon [6]; one is optimal in the sense that
the expected sample size under the null hypothesis is
minimized, and the other is optimal in the sense that
the maximum sample size is minimized. Originally they
were proposed for binomial distributions. In this man-
uscript, we examine them for hypergeometric distribu-
tions. But there is a small difference. In Simion [6], the
optimal designs are searched among all the proper two-
stage designs. Hereafter, thanks to Theorems 1-3, we
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only need to search for optimal designs among those
proper two-stage designs whose maximum total sizes
are bounded above by the sample size needed for the
standard one-stage design to achieve the same signif-
icance level and power. Narrowing the search domain
improves the computational efficiency.

Consider the first type of optimal two-stage designs.
If there are n, patients in the first stage and, if neces-
sary, n, —n, more patients are treated in the second
stage, leading to maximum sample size to be n,. Then
the expected sample size is EN = PET xn, + (1= PET )xn,
where PET is the probability of early termination after
the first stage. The decision of whether or not to ter-
minate after the first stage depends on the type of the
two-stage design (Type 1, Type 2, or Type 3) and the
number of responses observed from those 7, patients
(Table 1). The expected sample size EN and the proba-
bility of early termination PET depend on the unknown
parameter, M, the number of responses observed in
the sample of size n; from the population of size N. In
particular, PET=1—ih(S;N,M,n1)- In this manuscript,

s=a

as in Simon [6], we consider the optimal two-stage de-

signs which have minimum expected sample size under
the null hypothesis, EN, = PET, xn, +(1- PET,)xn, where

PET:l—ih(s;N,Mo,nl). The rationale behind this is that
we should expose as few patients as possible to an in-
effective treatment. The second type of optimal two-
stage designs is easier to describe. They are the ones
that have minimum maximum sample size; that is, n,
is minimized.

Now we are ready to examine these two types of op-
timal two-stage designs. First, we refresh notation for
interpreting different designs in Table 1. We consider
the following settings. Set significance level « =0.05
and Type Il error rate 3=0.2. Set the population size
N = 80 or 120, the proportion under the null hypoth-
esis py=M,/N=0.1,02,..,0.7 and the treatment effect
8=A/N =0.15 or 0:2. The resulting optimal designs are
presented in Table 2, Table 3, Table 4 and Table 5. We
have obtained these results using R codes, which can be
requested by sending email to the first author.

Table 2 and Table 3 apply to a small population of
size N=80 and Table 4 and Table 5 apply to a small

Table 1: Notation for interpreting different designs.

Type Design Reject H1 Accept H1
1-Stage (n; b) fS bg fSb+1g
Type 1 (n1; b1; n2; b2) fS1 b1g and fS2 b2g fS1b1 +1gor

fS1 b1g and fS2 b2 + 1g
Type 2 (n1; a1; n2; b2) fS1 a1 1gor fS1 a1g and fS2

fS1 a1g and fS2 b2g b2 + 1g

Type 3 (n1; a1; b1; n2; b2) fS1 a1 1g orfal S1 b1g and fS2 b2g fS1b1 +1gor

fa1 S1 b1g and fS2 b2 + 1

Table 2: N = 80. Designs for testing H,:p p, vs. H,:p > p, with = 0:05 and power at least 80% at p, = p, + 0:15. For each setting the Rows
1-3 contain the Types 1-3 two-stage designs. The left and rights parts are for the first type and second type of optimal designs.

p0 (1stage) 2-stage minimizing ENO 2-stage minimizing n2
Design ENO n2 PETO0 Design ENO n2 PETO
0.1 (24, 4; 26, 5) 259 26 0.05 (24, 4; 26, 5) 25.9 26 0.05
(29; 5) (15, 2; 29, 5) 215 29 0.53 (15, 2; 29, 5) 21.5 29 0.53
(15, 2, 3; 28, 5) 206 28 0.57 (24,1, 4; 26, 5) 25.8 26 0.1
0.2 (21,7; 32, 9) 31.8 32 0.02 (21,7;32,9) 31.8 32 0.02
(36; 10) (17, 4; 33, 9) 243 33 054 (17, 4; 33, 9) 24.3 33 0.54
(17,4,7; 33, 9) 242 33 0.55 (21,1,7;32,9) 31.7 32 0.03
0.3 (33, 13; 36, 14) 359 36 0.04 (33, 13; 36, 14) 35.9 36 0.04
(37; 14) (31, 16; 37, 14) 27.8 37 044 (31, 16; 37, 14) 27.8 37 044
(21,7,10; 37, 14) 28 37 0.56 (31,1, 13; 36, 14) 35.9 36 0.04
0.4 (20, 12; 37, 18) 36.8 37 0.01 (20, 12; 37, 18) 36.8 37 0.01
(39; 19) (22, 9; 39, 19) 31.5 39 044 (22, 9; 39, 19) 31.5 39 044
(23, 10, 13; 39, 19) 29.7 39 057 (20, 1, 12; 37, 18) 36.8 37 0.01
0.5 (21, 14; 39, 23) 386 39 0.02 (21, 14; 39, 23) 38.6 39 0.02
(39; 23) (26, 15; 38, 22) 28.8 38 [0.76 (26, 15; 38, 22) 28.8 38 0.76
(26, 15, 21; 38, 22) 28.8 38 |0.76 (26, 15, 21; 38, 22) 28.8 38 0.76
0.6 (31, 22; 36, 25) 358 36 |0.03 (31, 22; 36, 25) 35.8 36 0.03
(38; 26) (21, 14; 38, 26) 26,5 38 |0.68 (24, 16; 35, 24) 27.2 35 0.71
(21, 14, 17; 38, 26) 264 38 0.68 (24, 16, 20; 35, 24) 27.2 35 0.71
0.7 (25, 21; 33, 26) 329 33 |0.01 (25, 21; 33, 26) 32.9 33 0.01
(33; 26) (18, 14; 33, 26) 226 33 0.69 (26, 21; 32, 25) 26.7 32 0.89
(18, 14, 16; 33, 26) 225 33 |07 (26, 21, 23; 32, 25) 26.7 32 0.89
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population of size N =120, where 6 is 0:15 for Table 2
and Table 4 is 0:20 for Table 3 and Table 5. In each ta-
ble, the first column corresponds to one-stage design,
the optimal two-stage designs minimizing the expected
sample size under H, are shown on the left half of the

table, and the optimal two-stage designs minimizing
the maximum sample size are shown in the right half of
the table. For each setting, there are three rows, which
are corresponding to three types of two-stage designs
(Types 1-3), respectively. The tabulated results include
the optimal design (Table 1), the expected sample size

Table 3: N = 80. Designs for testing H,:p p, vs. H,:p > p, with = 0:05 and power at least 80% at p, = p, + 0:2. For each setting the Rows
1-3 contain the Types 1-3 two-stage designs. The left and rights parts are for the first type and second type of optimal designs.

p0 2-stage minimizing ENO 2-stage minimizing n2
(1-stage) Design ENO n2 P ETO Design ENO n2 P ETO
0.1 (15, 3; 19, 4) 18.9 19 0.04 (15, 3; 19, 4) 18.9 19 0.04
(21; 4) (11, 2; 21, 4) 14 21 0.7 (11, 2; 21, 4) 14 21 0.7
(11, 2, 3; 21, 4) 13.9 21 0.71 (15, 1, 3; 19, 4) 18.2 19 0.21
0.2 (13,5; 23,7) 22.8 23 0.02 (13,5; 23,7) 22.8 23 0.02
(23;7) (17, 4; 23,7) 19.7 23 0.54 (17, 4; 23,7) 19.7 23 0.54
(13,3, 5;23,7) 17.9 23 0.51 (13,3, 5;23,7) 17.9 23 0.51
0.3 (21, 9; 26, 11) 25.8 26 0.04 (21, 9; 26, 11) 25.8 26 0.04
(27; 11) (14, 5; 27, 11) 19.4 27 0.59 (14, 5; 27, 11) 194 27 0.59
(14,5, 7; 27, 11) 19.1 27 0.61 (21,1, 9; 26, 11) 25.8 26 0.04
0.4 (15, 9; 27, 14) 26.7 27 0.02 (15, 9; 27, 14) 26.7 27 0.02
(29; 15) (16, 8; 28, 14) 19.2 28 0.74 (16, 8; 28, 14) 19.2 28 0.74
(16, 8, 11; 28, 14) 19.1 28 0.74 (15,1, 9; 27, 14) 26.7 27 0.02
0.5 (13, 10; 26, 16) 25.9 26 0.01 (13, 10; 26, 16) 25.9 26 0.01
(26; 16) (13, 7; 26, 16) 19.5 26 0.5 (13, 7; 26, 16) 19.5 26 0.5
(13,7, 10; 26, 16) 19.4 26 0.51 (13,7, 10; 26, 16) 19.4 26 0.51
0.6 (15, 12; 25, 18) 24.8 25 0.02 (15, 12; 25, 18) 24.8 25 0.02
(25; 18) (16, 11; 25, 18) 18.8 25 0.69 (16, 11; 25, 18) 18.8 25 0.69
(16, 11, 13; 25, 18) 18.7 25 0.7 (16, 11, 13; 25, 18) 18.7 25 0.7
0.7 (11, 10; 22, 18) 21.8 22 0.01 (11, 10; 22, 18) 21.8 22 0.01
(22; 18) (12, 10; 21, 17) 141 21 0.77 (12, 10; 21, 17) 141 21 0.77
(11, 9, 10; 22, 18) 141 22 0.72 (13, 11,12; 21, 17) 14.4 21 0.83

Table 4: N = 120. Designs for testing H,: p p, vs. H,: p > p, with = 0: 05 and power at least 80% at p, = p, + 0:15. For each setting the
Rows 1-3 contain the Types 1-3 two-stage designs. The left and rights parts are for the first type and second type of optimal designs.

po 2-stage minimizing ENO 2-stage minimizing n2
(1-stage) Design ENO n2 P ETO Design ENO n2 PETO
(19, 4: 29, 5) 28.8 29 0.02 (19, 4; 29, 5) 288 29 0.02
0.1 (22, 3: 29, 5) 24.7 29 0.62 (22, 3; 29, 5) 247 29 0.62
(29; 5) (20, 3, 4; 29, 5) 22.6 29 0.71 (20, 3, 4; 29, 5) 226 29 0.71
(35, 10; 38, 11) 37.9 38 0.04 (35, 10; 38, 11) 379 38 0.04
0.2 (23, 5; 39, 11) 31.1 39 0.49 (23, 5; 39, 11) 311 39 049
(39; 11) (22, 5, 8; 39, 11) 29.7 39 0.55 (35,1, 10; 38, 11) 379 38 0.04
(24, 11; 44, 17) 43.6 44 0.01 (24, 11; 44, 17) 436 44 0.01
0.3 (26, 9; 42, 16) 31.8 42 0.64 (24, 8; 42, 16) 31.8 42 057
(44;17) (26,9, 13; 42, 16) 31.7 42 0.64 (24, 8, 13; 42, 16) 31.8 42 057
(29, 16; 45, 22) 42.7 45 0.02 (29, 16; 45, 22) 42.7 145 0.02
0.4 (31, 13; 45, 22) 37.7 45 0.52 (31, 13; 45, 22) 37.7 45 052
(45; 22) (30, 13, 17; 45, 22) 36 45 0.6 (30, 13, 17; 45, 22) 36 45 0.6
(27, 18; 44, 26) 43.8 44 0.01 (22, 16; 44, 26) 439 44 0.01
0.5 (24, 13; 46, 27) 33 46 0.59 (24, 13; 46, 27) 33 46  0.59
(46; 27) (24, 13, 17; 46, 27) 32.9 46 0.6 (22, 1, 16; 44, 26) 439 44 0.61
(29, 22; 42, 29) 41.8 42 0.01 (29, 22; 42, 29) 41.8 42 0.01
0.6 (21, 13; 42, 29) 32 42 0.48 (21, 13; 42, 29) 32 42 048
(42; 29) (26, 17, 20; 42, 29) 31.3 42 0.67 (26, 17, 20; 42, 29) 31.3 42 0.67
(23, 20; 38, 30) 37.9 38 0.01 (23, 20; 38, 30) 379 38 0.01
0.7 (24, 19; 37, 29) 26.6 37 0.8 (24, 19; 37, 29) 266 37 0.8
(38; 30) (22,17, 19; 38, 30) 26.5 38 0.72 (24,19, 22; 37, 29) 266 37 0.8
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under H,, EN,, the maximum sample size, n,, and
the early termination probability under H,, PET,. For
some settings, there is more than one optimal design,
of which the minimum maximum size is the same as the
sample size in the one-stage design, then the one which
has minimum expected sample size under H is report-
ed and it is indicated by an asterisk.

First and most importantly, the results in Table 2, Ta-
ble 3, Table 4 and Table 5 verify the main theorems; that
is, for each setting, there exists at least one two-stage
design whose maximum sample size is bounded above
by the sample size of the one-stage design. Because the
early termination probability is strictly positive for any
proper two-stage design, the corresponding expected
size is always strictly smaller than the sample size of the
one-stage design.

Second, in many settings, the maximum sample siz-
es of the two-stage designs are strictly smaller than the
sample size of the corresponding one-stage design. This
finding is striking, noting that the standard one-stage
test is uniformly most power test.

Third, in some settings, the optimal two-stage design
minimizing the expected sample size may be more attrac-
tive than the optimal two-stage design minimizing the
maximum sample size. This is the case when the difference
in maximum sample size is small, but the difference in ex-
pected sample sizes is large. For example, in Table 2, the
third row in the session of p, =0.2 indicates cases where
the difference in maximum sample size is only one, but the
difference in expected sample sizes is 7:5. For other set-
tings, these two types of optimal exact two-stage designs
are quite similar. Surprisingly, this finding is different from

that in Simon [6], where it was concluded that the “mini-
max” designs may be more attractive.

Discussion

Optimal exact group sequential tests for a binomial
proportion have been well-studied in the literature, but
a corresponding study involving hypergeometric distri-
butions is lacking. This manuscript studies some exact
group sequential tests involving hypergeometric distri-
butions, which are useful for investigating treatment ef-
fects on rare diseases.

In this manuscript, three theorems have been proved
and two types of optimal two-stage designs are present-
ed. The theorems guarantee the existence of proper ex-
act group sequential designs whose expected sample
sizes are strictly smaller than the ones from standard
one-stage designs. The discussed optimal two-stage de-
signs provide two examples of how to design optimal
two stage designs. There are other criteria; for exam-
ple, the optimal design minimizing the expected sam-
ple size at a given parameter, say p, = p,+9J. Moreover,
the tabulated results provide detailed comparisons be-
tween these two types of optimal designs.

Finally, this manuscript focuses on one-arm phase |l
clinical trials. One of our future projects is to study the
properties of group sequential tests for comparing two
hypergeometric distributions, which arise from two-
arm phase Il clinical trials.
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Table 5: N = 120. Designs for testing H,:p p, vs. H,:p > p, with = 0:05 and power at least 80% at p, = p, + 0:2. For each setting the
Rows 1-3 contain the Types 1-3 two-stage designs. The left and rights parts are for the first type and second type of optimal designs.

p0 2-stage minimizing ENO 2-stage minimizing n2
(1-stage) Design ENO n2 P ETO Design ENO n2 P ETO
0.1 (14, 3; 20, 4) 19.8 20 0.03 (13, 3; 20, 4) 19.8 20 0.03
(21; 4) (12, 2; 21, 4) 15.1 21 0.66 (12, 2; 21, 4) 15.1 21 0.66
(12, 2, 3; 21, 4) 14.9 21 0.68 (13,1, 3; 21, 4) 18.2 20 0.26
0.2 (16, 6; 26, 8) 25.8 26 0.02 (16, 6; 26, 8) 25.8 26 0.02
(26; 8) (17, 4; 26, 8) 211 26 0.54 (17, 4; 26, 8) 211 26 0.54
(13, 3, 5; 26, 8) 19.3 26 0.52 (13, 3, 5; 26, 8) 19.3 26 0.52
0.3 (16, 8; 29, 12) 28.8 29 0.02 (16, 8; 29, 12) 28.8 29 0.02
(29; 12) (22, 8; 29, 12) 24.2 29 0.68 (22, 8; 29, 12) 24.2 29 0.68
(19,7,9; 29, 12) 22 29 0.7 (19,7,9; 29, 12) 22 29 0.7
0.4 (20, 12; 29, 15) 28.9 29 0.01 (20, 12; 29, 15) 28.9 29 0.01
(31; 16) (16, 7; 31, 16) 231 31 0.53 (16, 7; 31, 16) 231 31 0.53
(19, 9, 12; 31, 16) 22.8 31 0.69 (20, 1, 12; 29, 15) 28.9 29 0.01
0.5 (15, 11; 29, 18) 28.8 29 0.01 (15, 11; 29, 18) 28.8 29 0.01
(29; 18) (22, 12; 29, 18) 24.8 29 0.59 (22, 12; 29, 18) 24.8 29 0.59
(20, 11, 14; 29, 18) 23.5 29 0.61 (20, 11, 14; 29, 18) 23.5 29 0.61
0.6 (24, 19; 28, 20) 28 28 0.01 (24, 19; 28, 20) 28 28 0.01
(28; 20) (17, 12; 28, 20) 19.7 28 0.75 (17, 12; 28, 20) 19.7 28 0.75
(17,12, 14; 28, 20) 19.6 28 0.76 (17,12, 14; 28, 20) 19.6 28 0.76
0.7 (19, 16; 23, 19) 22.9 23 0.03 (19, 16; 23, 19) 22.9 23 0.03
(23; 19) (11, 9; 22, 18) 14.3 22 0.7 (11, 9; 22, 18) 14.3 22 0.7
(12, 10, 11; 22, 18) 14.3 22 0.77 (12, 10, 11; 22, 18) 14.3 22 0.77
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